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Graphical interpretation deformation analysis of stability area using  

of strain analysis 
 
 

Slavomír Labant 1, Gabriel Weiss1, Jozef Zuzik2 and Michal Baran1 
 

 
The spatial changes of water construction objects are surveyed by geodetic methods within the technical and safety supervision of 

water constructions. To better understand the behaviour of the area of interest beneath the upper reservoir of the pumped storage hydro 
power plant (PSHPP) Čierny Váh, a deformation analysis of this area was realized. The stability or instability of the geodetic network 
points and the adjacent area was verified. The estimations of determined parameters of geodetic network were obtained on the basis of 
stage adjustment of GNSS observations, by applying the LSM method, robust M-estimation according to Huber and robust M-estimation 
according to Hampel. The analysis of incurred discrepancies (differences) in the position of points, whether they are the results of 
accumulation of measurement and systematic errors or they represent a local deformation of the area, was the last objective of this 
papier. The analysis of the results obtained from processing was performed by the method of finite elements in the form of strain 
analysis, to present the dynamics of the area underneath the water reservoir. The results obtained by applying estimation methods 
correspond to their graphical analysis. The use of Huber's and Hampel's robust M-estimates is an alternative to the application of LSM 
method, which has a versatile use in practice, in various areas of professional disciplines. 
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Introduction 
 

The Earth surfaces, but also objects on and underneath it, are affected by external as well as internal 
forces that deform these objects. Nowadays, modern Global Navigation Satellite Systems (GNSS) are 
increasingly being used for deformation monitoring of the Earth's surface and objects on it. The advantages 
of GNSS observations, mainly a great reliability, independence of the season, time of measurement or direct 
visibility between points are widely used, while the term observation in real time is getting more and more 
into the foreground. In the real-time monitoring, the measurements in epochs dominate in regard of the price 
and protection of instrumentation.  

The stability monitoring of dynamically loaded water constructions is elaborated in the “Technical and 
Safety Supervision” approved by the Ministry of Environment of the Slovak Republic. Details about the 
safety of water constructions are specified in the Act No. 364/2004 Coll. on waters, amending Act No. 
372/1990 Coll. of the Slovak National Council on offences, as amended by later regulations (Water Act) 
[23]. 

 
Adjustment methods 

 
Methods of adjustment are based on the minimum condition of some norm of the vector of corrections. 

The norm is a number assigned to each n-dimensional vector that characterizes its size. Objective functions 
of following types are the most commonly used in geodesy [1], [2]: 
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The p  parameter specifies a special type of an objective function [3]: 
The method of the minimum sum of absolute values of corrections with the parameter p=1 (L1-norm) is 

expressed by the objective function: 
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A Gauss Markov model (GMM) is the most commonly used method for adjustment of a general 
geodetic network, defined as follows [14], [17], [18], [20], [21]: 

part, stochastic -,
part, functional-),()ˆ(ˆ

2
0 LL QΣ

LLCCAdLCAdv
s=

°−−°−=−=
  (7) 

where: v is a vector of corrections of observed values, dL=L-L° is a vector of auxiliary observations, 
°−= CCCd ˆˆ  is a vector of complements of adjusted values of determining coordinates, A  is a design matrix. 

The adjustment procedure consists of the following steps: 
1. arrangement of the input data, 
2. definition of model equations, 
3. auxiliary calculations, 
4. creation of a configuration matrix, 
5. calculation of estimations, 
6. expression of the accuracy of a geodetic network. 

 
Data of GPS and GNSS vectors that were measured and primary processed by software were 

subsequently processed based on the Gauss-Markov estimation model (GMM – adjustment of indirect 
measurements) as a GMM with full rank. The point 5001 was selected as the reference point of the geodetic 
network (monumented in the original and most plain terrain, GNSS receiver remained in the position during 
the whole measurement). Spatial orthogonal coordinates iii ZYX ,,  and coordinate differences 

ijijij ZYX ∆∆∆ ,,  between individual network points in ETRS89 were the result of processing. 

The observation vector L  consist of 113  x  spatial vectors of observations ijXYZ∆ , i.e. 333  x  of 

observation components ijijij ZYX ∆∆∆ ,, . The three-variant processing and adjustment of observations and 
determined estimations of adjusted coordinates was used for the processing of deformation network observed 
in three epochs for functional part of GMM )11,08,04( =τ : 
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Coordinate values of determined points of the network Ĉ  are dependent on the used estimation method 
of unknown parameters (LSM, robust M-estimation according to Huber, robust M-estimation according to 
Hampel). Estimates of adjusted coordinates Ĉ  are presented in Tab. 1. 

 
Tab. 1. ETRS89 coordinates X, Y, Z from adjustment by the LSM method and robust M-estimation according to Huber and Hampel 

 
Point 

LSM Huber Hampel 

89
ˆ

ETRSX  
[m] 

89
ˆ
ETRSY  

[m] 
89

ˆ
ETRSZ  

[m] 
89

ˆ
ETRSX  
[m] 

89
ˆ
ETRSY  

[m] 
89

ˆ
ETRSZ  

[m] 
89

ˆ
ETRSX  
[m] 

89
ˆ
ETRSY  

[m] 
89

ˆ
ETRSZ  

[m] 

 

5002 3 941 063.358 1 427 021.983 4 792 984.567 3 941 063.358 1 427 021.984 4 792 984.567 3 941 063.358 1 427 021.984 4 792 984.567
5003        0 896.381        6 998.783        3 089.955        0 896.381        6 998.783        3 089.955        0 896.382        6 998.783        3 089.955
5004        0 722.170        7 243.221        3 194.259        0 722.170        7 243.220        3 194.259        0 722.171        7 243.220        3 194.259
5005        0 690.589        7 304.206        3 208.553        0 690.590        7 304.206        3 208.552        0 690.590        7 304.206        3 208.552
5006        0 816.179        7 638.525        3 016.659        0 816.180        7 638.524        3 016.659        0 816.180        7 638.524        3 016.659
5007        1 027.267        7 741.653        2 811.096        1 027.267        7 741.652        2 811.096        1 027.267        7 741.652        2 811.096

 

5002 3 941 063.360 1 427 021.986 4 792 984.571 3 941 063.360 1 427 021.985 4 792 984.571 3 941 063.360 1 427 021.985 4 792 984.571
5003        0 896.375        6 998.784        3 089.950        0 896.375        6 998.783        3 089.951        0 896.375        6 998.783        3 089.950
5004        0 722.168        7 243.221        3 194.260        0 722.167        7 243.223        3 194.260        0 722.167        7 243.223        3 194.260
5005        0 690.584        7 304.226        3 208.559        0 690.584        7 304.226        3 208.560        0 690.584        7 304.227        3 208.560
5006        0 816.169        7 638.519        3 016.661        0 816.169        7 638.517        3 016.663        0 816.169        7 638.518        3 016.662
5007        1 027.259        7 741.649        2 811.098        1 027.259        7 741.648        2 811.099        1 027.259        7 741.649        2 811.099

 

5002 3 941 063.364 1 427 021.989 4 792 984.566 3 941 063.364 1 427 021.990 4 792 984.566 3 941 063.364 1 427 021.990 4 792 984.566
5003        0 896.378        6 998.786        3 089.953        0 896.378        6 998.788        3 089.953        0 896.377        6 998.788        3 089.953
5004        0 722.170        7 243.214        3 194.264        0 722.170        7 243.214        3 194.265        0 722.170        7 243.214        3 194.265
5005        0 690.579        7 304.220        3 208.561        0 690.578        7 304.220        3 208.563        0 690.578        7 304.220        3  208.563
5006        0 816.174        7 638.516        3 016.657        0 816.174        7 638.516        3 016.659        0 816.174        7 638.516        3 016.660
5007        1 027.261        7 741.644        2 811.092        1 027.261        7 741.644        2 811.093        1 027.261        7 741.644        2 811.094
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Coordinate transformation from ETRS89 to UTCN03 
 
A global transformation key is used for transformation of points coordinates from the ETRS89 system 

into the national implementation UTCN03 of the coordinate system UTCN, that applies to the whole territory 
of the SR and is defined by seven transformation parameters determined by spatial similarity transformation 
by the Burša-Wolf´s model [24]. 

Transformation parameters for transition from the GRS 80 to the Bessel ellipsoid 1841 are [24]: 
• translations: XT  = – 485.021 m, YT  = – 169.465 m, ZT  = – 483.839 m, 
• rotations: XR  = 7.786342″, YR  = 4.397554″, ZR  = 4.102655″, 
• scaling: m = 0.0 ppm. 

 
Cartesian spatial coordinates of points related to the Bessel ellipsoid 1841 from the GRS 80 ellipsoid are 

obtained by spatial similarity transformation by the Burša-Wolf´s model (or Molodenskij-Badekas model). 
The transformation of Cartesian coordinates X,Y,Z to ellipsoidal coordinates φ, λ and h is the next step. 

Conversion of coordinates φ, λ and h to orthogonal planar coordinates of conform conic projection in 
a general position is realized by Křovák´s universe projection. 

A digital reference elevation model with the alphabetical DVRM code with the step of 600 x 600 m is 
used for conversion of ellipsoidal heights determined in the ETRS89 and defined above the GRS80 ellipsoid 
to normal heights defined in The Baltic Vertical Datum after adjustment (Bpv). This digital model was 
created by fitting the gravimetric quasi-geoid GMSQ03B to points of The National Spatial Network with 
the known levelled height determined in The National Levelling Network [12]. 

As an alternative of long calculations of coordinate transformations from the ETRS89 to the national 
implementation UTCN03 [7], [8] a suitable software that allows such a transformation can be used, for 
example Leica Geo Office. In this way, also adjusted coordinates of points of all three epochs determined by 
the LSM and robust estimations according to Huber and Hampel were transformed (Tab. 2). 

 
Tab. 2. UTCN03 coordinates X, Y, h from adjustment by the LSM method and according to Huber and Hampel. 

tτ  Point 
LSM Huber Hampel 

XUTCN03 

  [m] 
YUTCN03  

[m] 
hBpv  

 [m] 
XUTCN03   

[m] 
YUTCN03  

[m] 
hBpv   
[m] 

XUTCN03   
[m] 

YUTCN03  
[m] 

hBpv  

 [m] 

t04  

5002 1 200 717.584 360 041.445 1 151.443 1 200 717.584 360 041.444 1 151.443 1 200 717.584 360 041.444 1 151.443
5003        0 526.676   59 994.052      22.868        0 526.676   59 994.052      22.868        0 526.677   59 994.052      22.868
5004        0 416.325   59 697.273      48.783        0 416.325   59 697.274      48.783        0 416.325   59 697.274      48.783
5005        0 404.623   59 628.302      53.728        0 404.624   59 628.303      53.722        0 404.624   59 628.303      53.722
5006        0 722.297   59 376.688      60.944        0 722.298   59 376.689      60.944        0 722.298   59 376.689      60.944
5007        1 034.337   59 371.644      58.938        1 034.337   59 371.645      58.938        1 034.337   59 371.645      58.938

t08  

5002 1 200 717.580 360 041.449 1 151.438 1 200 717.576 360 041.447 1 151.443 1 200 717.576 360 041.447 1 151.443
5003        0 526.676   59 994.048      22.861        0 526.677   59 994.046      22.866        0 526.676   59 994.046      22.865
5004        0 416.323   59 697.272      48.785        0 416.323   59 697.270      48.782        0 416.323   59 697.270      48.782
5005        0 404.622   59 628.282      53.725        0 404.621   59 628.281      53.729        0 404.621   59 628.281      53.729
5006        0 722.287   59 376.690      60.937        0 722.285   59 376.691      60.939        0 722.286   59 376.690      60.939
5007        1 034.329   59 371.645      58.930        1 034.328   59 371.646      58.934        1 034.328   59 371.645      58.935

t11  

5002 1 200 717.577 360 041.448 1 151.438 1 200 717.577 360 041.447 1 151.439 1 200 717.577 360 041.447 1 151.439
5003        0 526.675   59 994.049      22.861        0 526.674   59 994.050      22.861        0 526.675   59 994.050      22.860
5004        0 416.320   59 697.279      48.785        0 416.319   59 697.279      48.786        0 416.319   59 697.279      48.786
5005        0 404.615   59 628.285      53.725        0 404.613   59 628.285      53.726        0 404.613   59 628.285      53.726
5006        0 722.292   59 376.694      60.937        0 722.291   59 376.694      60.939        0 722.290   59 376.694      60.940
5007        1 034.333   59 371.650      58.930        1 034.332   59 371.650      58.930        1 034.331   59 371.650      58.931

 
Subsequently, transformed coordinates in the national implementation UTCN03 from all three 

adjustments and three epochs of observations were used for the next presentation of positional and vertical 
changes of individual network points. 2 graphical visualisations (Fig. 2) of positional and vertical changes of 
points from epochs tt 1108 ,  to the epoch t04  for all three methods of adjustment of observations were created. 

The overall displacements of points corresponded to changes of coordinates presented in the 
deformation analysis, coordinates of which were determined by the LSM method and robust M-estimation 
according to Huber and Hampel. Difference of displacements is caused by dependence of cofactors on the 
size of weights of individual methods. The analysis of the results obtained from processing was performed by 
the method of finite elements in the form of strain analysis, to present the dynamics of the area underneath 
the water reservoir (Strain analysis can be applied only to the homogenous environment). 
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epochs 04t - 11t epochs 08t - 11t 
Fig. 2.   Horizontal and vertical displacements between epochs 04t - 11t and 08t - 11t by method of processing LSM, Huber and Hampel 

 
 

Deformation strain analysis 
 
The strain analysis is used to describe deformations in the vicinity of point. The spatial deformation of 

object with its small surrounding can be expressed by coordinates [17]: 

iiiii TCCCC 1,11,11, ˆˆˆˆ +++++ +=−=∆ τττττττττ ε     (9) 

where: ;11,08,04=τ  T1, +ττ  is the vector of translation parameters of the point expressing its spatial change 
over the period ttt ττ −=∆ +1  in all coordinate directions: 
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If displacements are very small in comparison with the size of object, results in the deformation tensor 
iε  represent the tensor of overall deformation in the following form [4], [17]: 
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where YX ∆∆ ,  and h∆  are 3 components of the displacement vector iĈ1, ∆+ττ . Due to the asymmetry of 
deformation tensor iε , it is possible to decompose it into the symmetrical and asymmetrical part according to 
the following equation:  

( ) ( )T
ijij

T
ijijijiji e εεεεωε −++=+= .

2
1.

2
1     (12) 

where the symmetrical part of deformation tensor iε  is referred to as the strain tensor eij and asymmetrical 
part of deformation tensor iε  represents the rotation ijω . Tensor diagonal elements eii are referred to as the 
tensile strain and characterize a dilatation in the appropriate direction. Off-diagonal elements are referred to 
as shear strains and characterize changes in angles between appropriate input lines. 

Graphical interpretation of elements of the strain tensor eij (12) on the example of cube (Fig. 3) with 
edges of uniform lengths that is plotted by thin lines and its deformed shape by thick line with designation of 
relevant changes due to the deformation. 
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The strain analysis for a pair of epoch  -  and  -  was performed in the Matlab 7.12.0 software for point 
coordinates determined by using the LSM method and robust M-estimations according to Huber and Hampel 
(Tab. 3). 

 
Graphical interpretation of the strain analysis 

 
In addition to numerical interpretations of the result of strain analysis, it is also possible to interpret 

them in a graphical way, and therefore it is possible to obtain clear information on deformations that occurred 
within the monitored locality [4], [13], [17]: 
• dilatation ∆  (a proportional planar deformation of the area) expresses the proportional change of 

the area between two examined epochs for the monitored area: 
,yyxx ee +=∆        (17) 

positive values represent expansion of the area part and negative values represent compression of 
the area part for the monitored period, which can be graphically displayed in the form of circles with 
a radius ∆  in the unit of µstrain, 

 
• proportional shear deformation γ : 

( ) ( ) ,.2 22
xyyyxx eee +−=γ       (18) 

expresses proportional changes of real angles for the monitored period. It can be graphically interpreted 
by using isolines with numerical data in µstrain, 

 
• the size of horizontal displacements h∆  can be displayed by isolines from values: 

.22
yx TTh +=∆        (19) 

 
Character of deformations of the monitored area can be complemented by additional parameters [13]: 

• the size of the major, maximum tensile deformation (dilatation, expansion) 1e : 
).(5,01 γ+∆=e  [µstrain],      (20) 

 
•  the size of the major, minimum tensile deformation (compression) 2e : 

).(5,02 γ−∆=e
 
[µstrain],      (21) 

 
•  the bearing of the axis of maximum tensile deformation 1e  

1e
σ : 

))/(.2(.5,0
1 yyxxxye eeearctg −=σ  [°],     (22) 

 
• the bearing of the axis of shear deformation γσ : 

4/
1

πσσγ ±= e [°].      (23) 
 
Individual calculated parameters of the strain analysis for the parts of area of triangular shape 

determined from results adjusted by using the above estimation methods of unknown parameters are 
presented in Tab. 3. 
 

Tab. 3. Values of proportional planar, proportional shear deformation and horizontal displacements. 
 

tτ  ∆ 
LSM Huber Hampel 

∆ γ ∆h ∆ γ ∆h ∆ γ ∆h 
[µstrain] [µstrain] [mm] [µstrain] [µstrain] [mm] [µstrain] [µstrain] [mm] 

04
-1

1 

I. 17,661 62,248 57,310 18,443 56,042 48,104 18,443 56,042 48,104 
II. -22,314 37,554 18,321 -12,837 33,110 19,023 -12,837 33,110 19,023 
III. 353,055 378,757 50,388 343,368 379,755 47,677 343,368 379,755 47,677 
IV. -12,583 70,528 55,209 -5,706 75,784 60,080 -6,951 77,027 59,804 
V. -8,867 18,027 8,703 -3,574 20,800 13,000 -3,542 22,088 13,740 

08
-1

1 

I. -17,047 29,587 19,243 1,957 30,557 37,037 -6,747 22,507 29,248 
II. -11,850 22,054 18,911 -1,902 25,512 25,615 -4,858 18,764 25,317 
III. 48,618 83,528 25,004 67,314 95,333 32,207 67,314 95,333 32,207 
IV. 16,784 37,328 23,637 23,732 41,963 27,950 18,840 38,306 26,551 
V. -12,415 8,436 7,377 -13,601 7,320 11,701 -12,382 7,098 6,606 
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Conclusion 
 

The present article provides an overall processing of the geodetic network and the deformation analysis 
of the area around and underneath the upper reservoir of the pumped storage hydro power plant (PSHPP) 
Čierny Váh in the 2004 – 2011. The analysis was realized based on the stage adjustment of GNSS vectors, by 
applying three selected methods of processing and adjustment of geodetic network with the estimation of 
unknown parameters. The LSM method, robust M-estimation according to Huber and robust M-estimation 
according to Humpel represented the selected methods of estimations. In the present study, the estimations of 
parameters of the 1st and 2nd order of network structures and their statistical assessment in the area of 
deformation monitoring were solved. For this purpose, a local geodetic network of reference points was 
surveyed by using GNSS technology in the locality of the pumped storage hydro power plant (PSHPP) 
Čierny Váh. The measurements were realized in three epochs (April 2004, July 2008 and October 2011) in 
a sufficient time interval. 

In the article was the examination of incurred differences of adjusted coordinates of points in 
the deformation network resulting from the use of different methods for processing of measurements. 
However, displacement of the point 5005 was demonstrated by all three methods. Other differences were 
identified as the result of the effect of systematic and measurement errors. A graphical testing using absolute 
and relative confidence ellipsoids that confirmed the results obtained by processing was also realized. 
The strain analysis of the geodetic network was also performed in the process of deformation analysis, for 
the  identification and transparent description of spatial changes in the monitored area underneath and around 
the water reservoir, for the selected period. The whole processing was performed in the Matlab 7.12.0 that 
was also used as the visualisation instrument for the presentation of estimations of results obtained from 
the geodetic network of the area. 
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